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THE RECTIFICATION OF THE CASSINIAN OVAL BT MEANS 
OF ELLIPTIC FUNCTIONS. 

By F. P. HATZ, Sc. D., Ph. D„ Professor of Mathematics and Astronomy in Irving College, Mechanicsburg, 

Pennsylvania. 

[Continued from September-October Number.] 

IV. Typical of the Cassinian Oval, we have by the Method of Complex 
Variables the following equations : 

x=/3 x /(l + ai),=/S l /[l + a(cnae+i sinfl)] (A); 

j / =/S v /(l- r -«/(),=/? k /[l + ff(cos#-t sin0)] (5). 

.-. dx/d(t=hi i <*/3(costt—ism0)/- t / [l + a(cost)+ism0)] {A'); 

dy/d&=hi 2 a/3(cos8+i sin0)/V[l + ff(cos0-i sintf)] (2T). 

. (dl\\ 2 _ i i a i /3 !! (eosf)— t Binfl)(cos(9+t sing) „ 

*''V dH)~± x /-{ [l + a(cos0+i sin^xtH-aCcos^-isin^)] J- ^ >' 

. p B r*"_ _d# 2a/3 r~ dff 

' J f> [l + a i +2acosff]i [l + a*]i J [l + Mcoaff]l l '' 

[Prom (A) and (/?), after differentiating with respect to t, we have 

dx/dt = ia/3/x=iufi/i/(l + at), 

dy /dt= - ha/3 /t*y= - ha/3 /t V(l + « /<)• 

■••^^(vpfwi)])©' (£) - 

Differentiating under the assumption that t=cosfl+i sin0, etc., 

d« / i cosfl— sin# \ . ./ costf-f i sin# \ ... 
V cos0+t sinfl / V cos6 l +t sm0 / 



« V costf+i sinfl / V cos0+t 



d0 , 

*+2acos6f]» ; 
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an r ja/Jj o [l + « 2 +2acos0p [l + « 8 ]* J [1 + JfooBff]* ' J 

Since in the Cassinian Oval under consideration, a=£ and /?=2, we have 
M=\\ ; that is, (D) is identical with (4) on page 265 of the September- October 
Monthly. Slowly converging series may be obtained by transforming under the 
hypothesis that 0=(9O— #), or under the hypothesis that 0=(9O+0). 

V. The assumption of (2) from page 264 of the Monthly specified gives 

p =TO 2f a t^dr 

J b\/ ■{ [(wi 2 + c 2 ) 2 -r*]x[r*-(m 2 -c 8 ) 2 ] }- K h 

Let Cm 2 -c 2 )/Cm 2 +c*) = e*, and r 2 ==(m 2 + c 2 )x 2 (i); 

then P= 4wii f 2 ^i^!J! , tf1 

" " * i/(m»+c*y (1 /-{ [(m 8 + c 2 ) 2 (I-a;*)]x[(m 2 +c 2 ) 2 (a: 4 -e*)] }- •'•■^' 

4m 8 f* 2a; 2 da; 
° l/(m«+c«)J e v'[(l-* 4 Xa;*-e«)] C } ' 

4m 8 r /•* (x 8 -e)da /•* _ (»*+«)& -i 
• (m» + e»)L.J el /[(l-z*)(x*-e*)] + J , i/[(l-**)(*«-««)] J ( h 

if/ lgm* W 1 )|r Me/, 1 + e x 

\(U«+c«A2(l + e»yjL" V l + e ' v /[2(l + e 2 )]/ 

-cn-K+1) I- + -I c»-i(-l)-cn-i( + l) r] (#) ; 

that is, thejtrsf indicated integral in (G) has vanished. The expression for the 
perimeter of the Cassinian Oval, therefore, becomes 

'-"■{'^ G^".v.. ( ^ ) , [V(' + 3-# -£)r >. 

which is a complete elliptic integral of the first order. 

For the perimeter of the Bernoullian Lemniscate, we have m=c ; that is, 
symmetrically expressed, 

»-«» WiGSfe^W +£)- V(> -JOT }■ 
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For the perimeter of the two Ovaliform Figures, we have m^c ; that is, 
similarly expressed, 

'v^)'{.^ C;z!^ )'M. +£)-#-")]* }• 

[Concluded.] 



ARITHMETIC. 



Conducted by B. F. FINKEL, Springfield, Ho. All contributions to this department should be sent to him. 



SOLUTIONS OF PROBLEMS. 

54. Proposed by D. P. WAGONER, A. B., Principal of the School of Language, Westerville, Ohio. 
A man bought a farm for $6000 and agreed to pay for it in four equal annual install- 
ments, at 6 per cent, annual interest compounded every instant. Required the aunual pay- 
ment. B. F. Burleson. 

I. Solution by G. B. M. ZEEE, A. H., Ph. D., Professor of Mathematics and Applied Science, Texarkana, 
College, Texarkana, Arkansas-Texas; P. S. BERG, Larimore, North Dakota; and J. SCHEFFER, A. M., Hagers- 
town, Maryland. 

Let a=$6000, r=.06, x=annual payment, and m=4=number of equal 
annual payments. If the interest is compounded n times a year, we have the 

T 

present value of the first installment=a;(H )- n =xe~ r when n is infinite; of 

the second, =xe~ Sr ; of the third, =xe~ 3r ; of the with, =xe~ mr ; where e= Nap- 
erian base. 

(See Todhunter's Differential Calculus, page 136). 

• - i'J.x Jlj-Jlj. > 1 \- -( emr ~ 1 \ 

■• a - X \ e r + e 2r" t " e r + ^ e mT )~ e mr \ 6 r -1 / 

_ a e mr (e r — 1) _ a(e r — 1) _ a(e r — 1) 
• ' x e mr — 1 1— e~ mr ~ 1— e-* T 



.-. a;=6600o(-^— ^) = $1738.269. 



II. Solution by B. F. BURLESOK, Oneida Castle, New Tork. 

The amount of P in n years at r=6% when the interest is compounded q 
times a year is evidently 



